The coupled cluster method (CCM) is a powerful and widely applied technique of modern-day quantum many-body theory. It has been used with great success in order to understand the properties of quantum magnets at zero temperature. This is largely due to the application of computational techniques that allow the method to be applied to high orders of approximation using a localized scheme known as the LSUBm scheme. A hitherto unreported aspect of this scheme is that results for LSUBm expectation values behave in distinctly different ways with odd and even values of m. Here, we consider the behavior of ground-state expectation values of odd and even orders of the CCM LSUBm approximation for unfrustrated spin-half Heisenberg antiferromagnets on the square and honeycomb lattice and the frustrated spin-half Heisenberg antiferromagnet on the triangular lattice. We demonstrate that results for odd and even orders of approximation show qualitatively different behavior for both the ground-state energy and the sublattice magnetization. Indeed, the odd series consistently forms an upper branch of results, and the even series a lower branch with respect to both ground-state energy and sublattice magnetization, for all of the models considered here.
Introduction
The coupled cluster method (CCM) 1-13 is a well-known method of quantum manybody theory (QMBT). The CCM has been applied with much success over the last 15 years or so in order to study quantum magnetic systems at zero temperature (see Refs. . In particular, the use of computer-algebraic implementations 27, 30, 35 of the CCM for quantum systems of large or infinite numbers of particles has largely been found to be very effective with respect to these spin-lattice problems. This approach uses a localized approximation known as the LSUBm approximation.
The extent of the locale over which multi-spin correlations are explicitly included in the approximation is defined by the index m, and ground-and excited-state expectation values are extrapolated to the limit m → ∞.
We apply the CCM to the spin-half Heisenberg model on the square, honeycomb, and triangular lattices. The Hamiltonian is specified as follows,
where the sum on i, j counts all nearest-neighbor pairs once. The ground states of all of the cases considered here are classically ordered, albeit by a reduced amount due to quantum fluctuations. Indeed, the best estimates of the amount of classical ordering of the square lattice case from approximate methods are 62% from CCM, 30 61.4% from quantum Monte Carlo studies, 44 61.4% from series expansions, 45 61.38% from spin-wave theory, 46 and 63.4% from exact diagonalizations.
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For the honeycomb lattice case, the best estimates are 47% from quantum Monte Carlo studies, 48 53% from series expansions, 49 56% from exact diagonalizations, 47 and 56% from previous CCM calculations. 32 By contrast, the best estimates of the amount of classical ordering for the triangular lattice antiferromagnet are 41% from quantum Monte Carlo studies, 50 40% from series expansions, 51 39% from exact diagonalizations, 47 and 52% from previous CCM calculations. 33 In this article, we investigate the effects of considering odd and even values of m on high-order CCM results.
Method

The CCM formalism
A description of the normal coupled cluster method (NCCM) formalism is given in Refs. 1-43. We note here simply that the exact ket and bra ground-state energy eigenvectors, |Ψ and Ψ |, of a general many-body system described by a Hamiltonian H
are parametrized within the single-reference CCM as follows:
Note that |Φ is the normalized single model or reference state. The correlation operator S is thus a linked-cluster operator that is decomposed in Eq. define C + 0 = 1, the identity operator. The label I is thus a set-index comprising a set of single-particle labels in some suitable single-particle basis defined via |Φ . We note that the normalization conditions Φ|Ψ = Φ|Φ = 1 = Ψ |Ψ follow from Eq. (3). The ground ket-and bra-state equations are given in terms ofH = Ψ |H|Ψ as δH/δS I = 0 ⇒ Φ|C
In order to solve for the Heisenberg model on the square, honeycomb and triangular lattices, we make approximations in both S andS. The three most commonly employed approximation schemes previously utilized have been: (1) the SUBn scheme, in which all correlations involving only n or fewer spins are retained, but no further restriction is made concerning their spatial separation on the lattice; (2) the SUBn-m sub-approximation, in which all SUBn correlations spanning a range of no more than m adjacent lattice sites are retained; and (3) the localized LSUBm scheme, in which all multi-spin correlations over all distinct locales on the lattice defined by m or fewer contiguous sites are retained. Equation (4) shows that the ground-state energy at the stationary point has the simple form
Here, we use the classical ground state as the model state: for the square and honeycomb lattices, where this is a state in which neighboring spins are antiparallel; and, for the triangular lattice, we use a model state in which spins on three sublattices are at 120
• to each other. We also find the sublattice magnetization with respect to the bipartite square and honeycomb lattices and the tripartite triangular lattice. The CCM calculations were carried out to high-order using a computational code written by us. 53 Furthermore, the specific details of setting up the CCM calculations for the square, honeycomb and triangular lattice antiferromagnets have been discussed at length in Refs. 29 and 27, respectively, and so are not discussed here further. Again, we note that the details of applying the CCM to a range of lattice quantum spin systems are given in Refs. 14-43.
Extrapolation of CCM expectation values
The aim of the present study is not to find new ways to extrapolate the LSUBm data. Rather, it is to employ a simple approach that has been used many times before to extrapolate CCM LSUBm data in order to investigate the odd/even behavior with m. Thus, we note that results of LSUBm calculations were extrapolated to the limit m → ∞ by carrying out a quadratic fit of this data via least-squares estimation with respect to either m −2 for the ground-state energy or m −1 for the sublattice magnetization. The interested reader is referred to Ref. 30 in order to see how CCM expectation values may be extrapolated by using a "power-law" or by using Padé approximants. As is usual in CCM calculations, LSUB2 data is omitted from these extrapolations as they are rather far from the m → ∞ limit and hence conform poorly to any type of extrapolation scheme (see, e.g., Refs. 35 and 43).
Results
The results for the ground-state energy for the square lattice are shown in Fig. 1 and in Table 1 . We see a strong difference in the results for odd and even values of Table 1 show that the odd and even extrapolations again compare well both with each other and with the best results of other methods, namely, those of series expansions 51 and exact diagonalizations. 47 Similarly, extrapolations of the sublattice magnetization also compare well with the results of other methods in Table 2 , namely, quantum Monte Carlo, 48 series expansions, 49 and exact diagonalizations. The previous extrapolated results for the CCM 33 for the triangular lattice were carried out using all of the data (i.e., both odd and even series) due to the small amount of LSUBm data available at that time (i.e., up to LSUB6 only). This is due to the fact that the computational difficulty of the problem grows with the coordination number of the lattice. We note that the triangular lattice has a coordination number of 6; compared to a coordination number of 4 for the square lattice and 3 for the honeycomb lattice. Thus, we were only able to carry out high-order calculations here up to LSUB8 only for the triangular lattice because of this problem -even by using advanced parallel processing techniques. (We note that our current limit for high-order CCM via parallel processing is approximately 10 5 fundamental clusters.) Our new results are also shown in Tables 1 and 2 . The current CCM results for the sublattice magnetization, using only odd or only even extrapolated values of the sublattice magnetization, agree well with the results of quantum Monte Carlo, 50 series expansions, 51 and exact diagonalizations. 47 The agreement is much better than previous CCM results 33 that used all of the data (i.e., both odd and even orders up to LSUB6) available at that time.
Conclusion
We have considered the behavior of ground-state expectation values of odd and even orders of the CCM LSUBm approximation for unfrustrated spin-half Heisenberg antiferromagnets on the square and honeycomb lattice and the frustrated spin-half Heisenberg antiferromagnet on the triangular lattice. We showed that results for odd and even orders of approximation demonstrate qualitatively different behavior for both the ground-state energy and the sublattice magnetization. Indeed, the odd series consistently formed an upper branch of results, and the even series a lower branch with respect to both ground-state energy and sublattice magnetization, and for all of the models considered here. We believe that this behavior is interesting and is therefore note-worthy.
Indeed, odd/even behavior with m has been observed by us in every lattice quantum spin problem ever considered that also has only two-spin interactions in the Hamiltonian, when treated by using high-order LSUBm CCM techniques. It would be interesting to determine if similar properties with odd and even levels of approximation might also be seen if we looked at different types of expectation values, such as for the spin stiffness or for excitation energies. The only model to date that has not shown similar odd/even behavior was for the Ising model in a transverse field that contained both single-spin and double-spin terms in the Hamiltonian.
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The odd/even staggering behavior observed here is highly reminiscent of the behavior of expectation values evaluated directly at odd and even orders of perturbation theory (see, e.g., Ref.
54). Indeed, it is known
27 that the CCM LSUBm approximation exactly reproduces perturbation theory to mth order for quantum spin lattice systems. It is perhaps no surprise therefore that we also see such behavior with odd and even values of m for the LSUBm approximation. However, it should also be noted that the CCM LSUBm scheme also does much more than simply reproduce mth-order perturbation theory; many of the perturbation expansion coefficients with higher order than m are approximated 27 very well by the LSUBm approximation, for example. Therefore, the analogy is not quite as straightforward as it first appears.
For the square and honeycomb lattices, we note that the total spin in the z-
) is a conserved quantity, and so the list of fundamental configurations used in the CCM calculations contains only those clusters with even numbers of spin flips with respect to the Néel model state. We note that a similar effect with odd and even m may be seen for LSUBm calculations for the spinhalf linear chain Heisenberg antiferromagnet. In this case, s z T is again a conserved quantity, and so only even numbers of spin flips are allowed in the list of fundamental configurations. We remember that the LSUBm scheme allows all configurations in a locale defined by m contiguous sites on the lattice. Hence, even though we may be restricted to even numbers of spin flips, these spin flips may be spread over an odd number of sites. For example, at order LSUB5 in one-dimension, there is a four-spin cluster that is spread over five adjacent sites, namely, at sites (1, 2, 4, 5). Clearly, similar situations also occur for two-or three-dimensional lattices when m is an odd number. It is interesting to speculate that this might lie at the heart of the odd/even behavior for Hamiltonians with only two-spin interactions in them.
A limitation of the CCM method is that we have no known rules for extrapolation that can be rigorously justified on theoretical grounds. Rather, the rules that we have used here are heuristic in nature. This limitation is compounded by the fact that we may only have results for a small number of orders of approximation if we restrict our extrapolations to those results of only even or only odd series. For example, if we extrapolate LSUB2, LSUB4, and LSUB6 results using a quadratic function (as above) then there is no "error of extrapolation" as such. Indeed, we can generally perform an exact fit. Here, we extrapolated odd and even results for the ground-state energy and sublattice magnetization separately for the square, honeycomb, and triangular lattices. Although in principle these extrapolated values should agree precisely in the limit m → ∞, they were found, in practice, to differ slightly. In the absence of any known rules for the behavior of the CCM expectation values with increasing LSUBm approximation level, however, it is unlikely that the differing odd and even extrapolated values could be used to estimate the amount of error of extrapolation quantitatively.
Finally, the extrapolated values using only odd and only even series of data were both found to compare well with those results of the best of other methods for the ground-state energy and sublattice magnetization for the cases studied here. Indeed, our results were found to greatly improve previous results 33 for the sublattice magnetization for the triangular lattice that utilized both odd and even values of m together in order to extrapolate to the limit m → ∞ due to the small number of data points available at that time. This indicates that our previous decision to extrapolate only even values (where possible) of LSUBm results (compared to extrapolating all of the odd and even data together) was a good choice.
